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MG dau

Nhicu nam gan day trong cic ky thi hoc sinh gidi cic cap, cac ki thi
Olympic trong nuéc va quoc té thuong cé cac bai toan yéu cau tim gia tri
16n nhat, gia tri nhé nhat ctia mot biéu thitc hay ctia mot ham s6 nao do.
Cac bai toan nay 1a mot phan clia cic bai toan cuc tri dai so.

Cac bai toan cyc tri rat phong phu va da dang, né tuong déi mdéi va
khé déi v6i hoc sinh. Dé gidi cac bai toan cuc tri hoc sinh phai biét bién
doi tuong duong cac biéu thic dai s6, st dung kha nhiéu céc hing dang
thiic, bat dang thtc tit don gidn t6i phtc tap, phai tong hop cac kién thic
va k¥ nang tinh toan, tu duy sang tao va dac biét phai nam dudc cic bat
déng thiic co ban trong chuong trinh pho thong.

Luan vin nhim muc dich tong hop cac bat dang thitc co ban, dic biét
di sau tim 161 gidi cac bai toan cuc tri v6i diéu kién rang buoc 1a bat dang
thiic, he bat ding thic trong cac dé thi hoc sinh giéi trong nuée va quoc
té.

Nhiém vu ctia luan van: Doc cac tai lieu, cac dé thi IMO, VMO, dé thi
hoc sinh giéi viing Dong Au, dé thi hoc sinh gi6i vimg Chau A, Théai Binh
Duong,... dé chon loc ra cac bai toan cuc tri véi diéu kién rang buoc bat
déng thitc, hé bat dang thic tieu biéu. Tong hop, phan loai phuong phap
giai bai toan theo cach tiép can dé ngudsi doc co thé nhan dang va van dung
cac phuong phap nay vao giai quyét cac bai toan cuc tri tuong tu.
Chuong 1. Kién thitc chuan bi

Trong chuong nay, luan van trinh bay khai niém co ban vé bai toan cuc
tri v6i dieu kién rang buoc bat dang thitc, hé bat dang thitc, mot s6 bat
déng thiic co ban van dung trong viéc giai cac bai toan cuc tri.

Chuong 2. Mot s6 huéng giai bai toan cuc tri véi diéu kién rang
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budc bat ding thic, hé bat dang thiic

Chuong nay trinh bay mot s6 phuong phéap gidi bai toan cic tri véi dicu
kién rang buoc bat dang thiic, hé bat ding thic nhu phuong phap van
dung céc bat ding thic co ban, phuong phap st dung giam s6 bién cla
bieu thite, phuong phap van dung tinh chat ctia tam thitc bac hai, phuong
phap van dung tinh chat ctia ham s6, phuong phap van dung tinh chat clia
hinh hoc.

Msic du ban than da c6 nhiing c¢d gang vuot bac, nhung khong tranh
khoi nhitng khiém khuyét, rat mong sy gép ¥ clia quy thay co va nhiing
ban doc quan tam dé luan van dugc hoan thién hon.

Luan van dugc hoan thanh tai truong Dai hoc Khoa hoc - Dai hoc Thai
Nguyén v6i sy huéng dan cia PGS.TS. Trinh Thanh Hai. Toéi xin dugc
bay t6 long biét on sau sac déi v6i st quan tam, huéng dan cta thay, t6i
cac thay co trong Ban giam hiéu, Phong dao tao vd Khoa Toan - Tin clia
truong Dai hoc Khoa hoc, cac ban hoc vién 16p Cao hoc Toan K9C da
gitp dd, tao dieu kién thuan lgi va dong vién to6i trong qua trinh hoc tap

va nghién cttu tai truong.

Thar Nguyén, ngay 19 thang 4 nam 2017.

Hoc vién

Nguyén Thi Qué



Chuong 1
Kién thitc chuan bi

Trong chuong nay, luan van trinh bay khai niém co ban vé bai toan cic
tri véi diéu kien rang budc bat dang thiic, he bat dang thic, mot s6 bat
déng thitc co ban van dung trong viéc giai cic bai toan cuc tri. Noi dung
chuong chii yéu lay tit cac tai lieu [3], [6], [8].

1.1 Bai toan cuc tri véi diéu kién rang budc bat dang
thitc, hé bat dang thiic

Bai toan cuc tri v6i dieu kién rang budc bat ding thic, hé bat dang thiic
14 dang bai toan: Cho biéu thic F(xy, z9, ..., 2,) Vi cic bién xq, 29, ..., 7,
théa man diéu kien D (D c6 thé 1d mot bat dang thiic, mot hé bat dang
thiic, ...). Ta n6i M (M phai 1a hing s6) 1a gia tri 16n nhat (gia tri nho
nhat) ctia bieu thiic F khi va chi khi n6 thda man hai diéu kién sau:

+) Bat dang thic F(x1,29,...,2,) < M(F(x1, 29, ...,2,) > M) dtng véi
moi i, Ts, ..., T, thoa man D.

+) Ton tai x1, 29, ..., T, thoa man D sao cho F(x1,xs,...,x,) = M.

Vi du 1.1 (D& thi chon doi tuyén Viet Nam dy thi IMO 1994). Xét cac
bo s6 thuce a, b, ¢, d théa man dicu kién
1
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Tim gia tri 16n nhat va gia tri nhé nhat ctia biéu thic
Q=(a—2b+¢c)+(b—2c+d)?+ (b—2a)+ (c — 2d)*.
Vi du 1.2 (Dé thi chon doi tuyén Qudc gia 2011). Xét cac sb thyc a, b, ¢
thdéa man
21ab + 2bc + 8ac < 12.
Tim gia tri nhé nhat ciia bicu thiic
1 2 3
P(a,b,c) = -4+ -+ —.
(a,,¢) a * b i c
Vi du 1.3 (bé thi Olympic 30/4 - S gido duc dao tao Binh Dinh). Cho

ba s6 thuc duong z, v, z théa man
1 <z <min{z,y}
rz >3
yz > 2
Tim gia tri 16n nhat cia

30 4 2010
P(x,y,2) = §+§+ ot

1.2 Mot sé bat dang thic co ban

1.2.1. Bat dang thic AM-GM
Dinh 1y 1.1. Gia st a1, as, ..., a, 1& cac s6 thyc khong am. Khi do

ay + as + ... + ap,

> ai1as...ay,.
n

Ding thiic x4y ra khi va chi khi a1 = ag = ... = a,.

Hé qua 1.1. V6i moi bo s6 duong ay, as, ..., a, ta co

n

vajas...an > 1 1 T
— =+ —
aj a2 Qn,

Ding thiic x4y ra khi va chi khi a1 = ag = ... = a,.
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Hé qua 1.2. Véi moi bo s6 duong aq, as, ..., a, ta co

1 1 1 n?

— == .

a a9 Qp, ay + as + ... + ap,
Dang thitc xay ra khi va chi khi a1 = as = ... = a,.

Hé qua 1.3. Véi moi bo s6 khong am aq, as, ...,a, vam = 1,2, ... ta co

af' +ag + .. tay <a1+a2+...+an>m

n n

Ding thiic x4y ra khi va chi khi a1 = ag = ... = a,.

Vi du 1.4 (xem [3]). Cho céc s6 duong a,b,¢ > 1. Tim gid tri 16n nhat

clia biéu thic

a b c 1 1 1
+ _+_+E'

pP—
a2+b2+b2—|—02+c2—|—a2 a b

Phan tich. L1 g
Trong biéu thitc P ta nhan thay ring biéu thic — + 5 + — nam trong

a c
can thic, vi vay ta hoan toan c6 thé manh dan suy nghi dén viéc can tim

mot bat déng thitc phu sao cho c6 thé dua ra duge mot danh gia

1 1 1
< f(Z 44z
a2_f(a+b+c)

a n b N c
a?+b P+ A+
1 1 1 ) 1 1 1
trong d6 f(— + — + —) 1a mot bieu thic c6 chia (- + - + —).
a b c ) a b ¢
Bai toan dang can tim gia tri 16n nhat vi the ta nghi t6i chiéu danh gia
P <, khi d6 ta can st dung a® + b> >, > 4+ ¢ >, ¢ + a®> >. Diéu nay lam

ta suy nghi t6i viéc sit dung bat dang thic quen thuoc AM-GM. Khi dé ta

danh gia dugc:

a n b N c < a n b c 1
a2+ b2+ c2+a2 " 2ab 2bc  2ca ~ 2

T do6 ta tim duge loi giai nhu sau:



Bai gidi.
Theo bat dang thitc AM-GM ta co:

a’ + b > 2ab, b+ 2> 2bc, A+ a® > 2ca

N a N b n c o N b n c
a?+0% b2+ 24a? T 2ab 2bc  2ca
DL A YR
a?+0® 24+t 24a2 " 2a b c
Diang thiic x4y ra khi va chi khia =b=c
fehi do: 1.1 1 1 1 1 1
P§§(&+E+E)+ puab s

t
Datf(t):§+\/%
Ta tim diéu kién cta bién t:
1 1 1
Via,b,cz1nén——|—g—|——§3,dod(’)0<t§3.
a c
t 3
Vit§3nén§§§va\/%§\/§

t
Suyra§+\/i§;+\/§hayf(t)§;+\/§

3
Vay P <o+ V3.
Diang thiic xay ra khia =b=c = 1.
. 3
Vay gia tri 16n nhat cﬁaPla§+\/§taia:b:c:1.
Vi du 1.5 (xem [3]). Cho cac s6 thuc a, b, ¢ thdéa man ¢ > 0,a > ¢,b > c.

Tim gi4 tri 16n nhat ciia biéu thiic:

P =/cla—c)++/c(b—c)— 2ab.

Bai gids.

Ta co

\/c(a—c)Jr\/c(b—c):\/%(\/g (1_§)+\/C

Theo bat dang thiic AM-GM cho hai s6 ta c6:

D i =36 (-0) 5 G (-5)

Q|
VRS
—_
|
SO
N———
N—




=1

Suy ra y/c(a —¢) + /(b —¢) < Vab
Diang thiic x4y ra khi v& chi khi:

Vay P < vab — 2ab?.

bat a.b = t ta di xét ham s6 f(t) = v/t — 2t2,t > 0. Ta c6 P < f(ab)
1

Vi f/(t) = \/ dt=0&t=-.

P;;

Lap bang blen thien ta dé dang thay f(t) <

OOIC»J

,Vt € (0;+00) suy ra

P < f(ab) <

ol w

Ding thitc xay ra khi va chi khi

ab:1
14 1
PR
a+b 1
ab ¢
B 1
T datb)
(:)a:thLC— ! vVt € RY.
A 4241
e 12 £, o L3 1 )
Vay gia tri I6n nhat cuaPlaétala:t,bzﬂ,c:4t2+1,trongdo

t 13 mot s6 thuyc duong bat ky.
V6i cach suy luan tuong tu nho ap dung bat dang thitc AM-GM ta ciing
giai dugc bai toan tuong tu:

Vi du 1.6 (xem [3]). Cho cac s6 thuc x,y théa man x +y > 0. Tim gia

tri nhé nhat cla

P=2"+y°) -3z ty.



